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Abstract A new active control method is presented to attenuate vibrations of a ﬂexible beam with
nonlinear hysteresis and time delay. The nonlinear and hysteretic behavior of the system is illustrated
by the Bouc–Wen model. By speciﬁc transformation and augmentation of state parameters, we
can convert the motion equation of the system with explicit time delay to the standard state space
representation without any explicit time delay. Then the instantaneous optimal control method and
Runge–Kutta method in fourth-order are applied to the controller design with time delay. Finally,
in order to verify the eﬀectivity of the time-delay controller proposed, numerical simulations are
implemented. It is indicated by the simulation results that the control performance will deteriorate
if neglect the time delay in process of the controller design and proposed time delay controller works
well with both small and large time delay problems. c© 2013 The Chinese Society of Theoretical and
Applied Mechanics. [doi:10.1063/2.1306305]
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During recent decades, time delay in structural vi-
bration control has been a hot research topic. Various
research results indicate that even time delay is rela-
tively small, it also can lead actuators exert energy to
the controlled system when the control force is actually
unnecessary, which could induce degradation of control
eﬀectiveness and even cause instability of the system.1–3
Research of time delay problem has also been carried
out in various of research areas, such as information and
communication technology, nonlinear dynamics etc, and
is getting more and more attention.
So far some methods have been proposed to handle
the time delay problem in linear systems.2–8 However,
all the structures in practice are nonlinear, the nonlin-
ear system theory scheme is not mature and there is
not a universal analysis method applicable for time de-
lay problem in nonlinear systems up to now. Diﬀerent
nonlinear systems usually need diﬀerent methods for the
analysis.
As an intuitive way for describing the structural
inherent nonlinear hysteretic characteristic, the Bouc–
Wen model is widely used in various research ﬁelds.9–11
The Bouc–Wen model merely consists of a linear equa-
tion and a ﬁrst-order nonlinear diﬀerential equation,
possibly shaping the hysteresis curve with only a few
easily identiﬁed parameters.12,13 In structural active vi-
bration control, in order to realize evident control ef-
fects, it is crucial that the active controller is suit-
able for nonlinear systems. Recently, active control
laws that adapt to both structural hysteresis nonlinear-
ity and structural vibration attenuation are presented
variously.14–21 In these studies, however, the time delay
problem in the controller design of nonlinear structures
is not mentioned.
a)Corresponding author. Email: caigp@sjtu.edu.cn.
This paper emphasizes active control of nonlinear
and hysteretic structure with time delay and proposes
a method to deal with time delay. A ﬂexible beam is
chosen as the research object. We ﬁrst introduce a non-
linear hysteretic model, system motion equation with
explicit time delay, and a speciﬁc transformation and
augmentation for the standard state space representa-
tion without any explicit time delay. Then, consider-
ing time delay, instantaneous optimal controller design
is given, including the controller design and the con-
trol implementation. Numerical simulation results are
also illustrated to verify the control eﬃciency of the
proposed time-delay controller. Finally, concluding re-
marks are given.
Today, many hysteretic models have been developed
to describe the restoring force of hysteretic systems.
Due to the easy implementation, the Bouc–Wen model
will be used for the structure. On the basis of the Bouc–
Wen model, the restoring force can be described as22
Fci = 2αiζiωiφ˙i + 2(1− αi)ζiωiDivi, (1)
where φi is the i-th modal coordinates, ωi and ζi are
the modal natural frequency and damping ratio of the
i-th mode, respectively, and vi represents the hysteretic
component of structure and is expressed as a dimen-
sionless variable with |vi|  1, which
Div˙i = a¯iφ˙i − βi|φ˙i| |vi|n¯i−1 vi − γiφ˙i |vi|n¯i , (2)
with αi, Di, a¯i, βi, γi, and n¯i parameters that describe
the hysteresis curve.
In this paper, attenuation of the transverse vibra-
tion of ﬂexible cantilever beam is considered, the beam
model is demonstrated in Fig. 1. A damping layer is
attached on one side of the beam and deﬂected by the
same amount as the beam. The beam has a constant
cross-sectional area with every center of inertia axis be-
ing in the same plane oxy. The piezoelectric (PZT)
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Fig. 1. Structural model of ﬂexible beam.
patch is adopted either as exciter to apply external ex-
citation on the beam or as actuator to control the beam
vibration. Considering the orthogonal modal function
and truncating the ﬁrst r1 modes of the beam, we may
obtain the i-th modal equation as
φ¨i(t) + Fci + ω
2
i φ˙i(t) =
r1∑
j=1
(Y ′i (x˜jb)− Y ′i (x˜ja))Mj(t− λ) +
(Y ′i (x˜pb)− Y ′i (x˜pa))Mp(t), i = 1, 2, · · · , r1, (3)
where φi(t) is the i-th modal coordinates, ωi is the nat-
ural frequency corresponding to the i-th mode, Fci rep-
resents the restoring force given by Eq. (1), x˜ja and x˜jb
describe the locations of the j-th PZT actuator on the
beam; Mj(t) is the moment exerted by the j-th PZT
actuator, λ is the time delay, x˜pa and x˜pb describe the
locations of the PZT exciter and Mp(t) is the exter-
nal excitation produced by the PZT exciter. The nor-
malized modal function Yi(x) corresponding to the i-th
mode can be expressed as
Yi(x) = cosβix− coshβix+
γi(sinβix− sinhβix), i = 1, 2, · · · , r1, (4)
where
β1L = 1.875,
β2L = 4.694,
βiL ≈ (i− 0.5)π, i  3,
(5)
γi = −cosβiL+ coshβiL
sinβiL+ sinhβiL
, (6)
with L the length of the beam.
The relationship between the moment M(t) and ap-
plied external voltage V (t) of the PZT patch is given
by3
M(t) =
12EbIbd31
tptb[6 + (Ebtb/Eptp)]
V (t), (7)
where Eb and Ep are the Young’s modulus of elasticity
of the beam and the PZT patch, respectively, tb and
tp represent the thicknesses of the beam and the PZT
patch, respectively, Ib is the cross-sectional moment of
inertia along the neural axis of the beam, and d31 is the
strain constant of the PZT patch.
Substituting Eq. (7) into Eq. (3) and considering
the control of the ﬁrst r1 modes of the beam, Eq. (3)
can be expressed in matrix form
Φ¨(t) + Fc[Φ˙(t)] +KΦ(t) =
r1∑
j=1
HjVj(t− λ) +HpVp(t), (8)
where Φ(t) = [φ1, φ2, · · · , φr1 ]T,
K = diag(ω21 , ω
2
2 , · · · , ω2r1),
Hj = Kz[Y
′
1(x˜jb)− Y ′1(x˜ja), Y ′2(x˜jb)− Y ′2(x˜ja), · · · ,
Y ′r1(x˜jb)− Y ′r1(x˜ja)]T,
Hp = Kz[Y
′
1(x˜pb)− Y ′1(x˜pa), Y ′2(x˜pb)− Y ′2(x˜pa), · · · ,
Y ′r1(x˜pb)− Y ′r1(x˜pa)]T,
and
Kz =
12EbIbd31
tptb[6 + (Ebtb/Eptp)]
.
Fc(Φ˙(t)) can be written as
Fc[Φ˙(t)] = C1Φ˙(t) +C2V˜ (t), (9)
where C1 = diag(2α1ζ1ω1, 2α2ζ2ω2, · · · , 2αr1ζr1ωr1),
C2 = diag[2(1−α1)ζ1ω1D1, 2(1−α2)ζ2ω2D2, · · · , 2(1−
αr1)ζr1ωr1Dr1 ], and V˜ is the vector denoting the hys-
teretic variables, V˜ = [v1, v2, . . . , vr1 ]
T. According to
Eq. (2), V˜ can be described as
˙˜V = f(Φ˙, V˜ ), (10)
with the i-th element of ˙˜V written as
v˙i = f(φ˙i, vi) =
D−1i (a¯iφ˙i − βi|φ˙i| |vi|n¯i−1 vi − γiφ˙i |vi|n¯i). (11)
Equation (8) can be transformed into state space
and written as
Z˙(t) = AZ(t) +WVp(t) +BV (t− λ) +
B1V˜ (t), (12)
where Z(t) =
[
Φ(t)
Φ˙(t)
]
, A =
[
0 I
−K −C1
]
, W =[
0
Hp
]
, Vp represents the external excitation produced
by the PZT exciter,B = [Bˆ1, Bˆ2, · · · , Bˆj , · · · , Bˆr1 ] and
Bˆj =
[
0
Hj
]
for j = 1, 2, · · · , r1, V(t − λ) is the con-
trol voltage exerted by the PZT actuators with a time
delay λ, B1 =
[
0
−C2
]
.
By the following transformation of Eq. (12)23
H¯(t) = Z(t) + Γ (t) = Z(t) +
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∫ 0
−λ
e−A(η+λ)BV (t+ η) d η, (13)
Eq. (12) becomes
˙¯H(t) = AH¯(t) +WVp(t) + B¯V (t) +B1V˜ (t), (14)
where B¯ = e−AλB.
In Eq. (14), vector H¯ is augmented and a new state
vector is deﬁned as H˜(t) = [H¯T, V˜ T]T, then Eq. (14)
can be expressed as
˙˜H(t) = g′ (H˜(t)) + W˜Vp(t) + B˜V (t), (15)
where W˜ = [W ,0]T, B˜ = [B˜,0]T. g′ (H˜(t)) can be
expressed as
g′ (H˜(t)) =
[
AH¯ +B1V˜
f(Φ˙, V˜ )
]
. (16)
Thus, by the transformation and augmentation de-
scribed above, Eq. (12) changes to Eq. (15) in the state
space representation without any explicit time delay,
which can be numerically calculated step by step using
the Runge–Kutta method in fourth-order. The algo-
rithm is described as
H˜(t) = H˜(t− 2Δt) +
1
6
(A0 + 2A1 + 2A2 +A3), (17)
where Δt is the integration step of time; A0, A1, A2,
and A3 can be expressed as
A0 = 2Δt [g
′ (H˜(t− 2Δt)) + B˜ V (t− 2Δt)+
W˜Vp(t− 2Δt)],
A1 = 2Δt [g
′ (H˜(t− 2Δt) + 0.5A0)+
B˜V (t−Δt) + W˜Vp(t−Δt)],
A2 = 2Δt [g
′ (H˜(t− 2Δt) + 0.5A1)+
B˜V (t−Δt) + W˜Vp(t−Δt)],
A3 = 2Δt [g
′ (H˜(t− 2Δt) +A2)+
B˜V (t) + W˜Vp(t)].
(18)
Substituting Eq. (18) into Eq. (17), one can obtain
H˜(t) = D¯(t− 2Δt, t−Δt) +
Δt
3
(B˜V (t) + W˜Vp(t)), (19)
where
D¯(t− 2Δt, t−Δt) = H˜(t− 2Δt) +
1
3
Δt
[
g′ (H˜(t− 2Δt)) + B˜V (t− 2Δt) +
W˜Vp(t− 2Δt) + 2g′ (H˜(t− 2Δt) + 0.5A0) +
4B˜V (t−Δt) + 4W˜Vp(t−Δt) +
2g′ (H˜(t− 2Δt) + 0.5A1) +
g′ (H˜(t− 2Δt) +A2)
]
. (20)
The quadratic objective function J(t) is time-
varying and can be described as24
J(t) = H˜T(t)QH˜(t) + V T(t)RV (t), (21)
where R is a positive deﬁnite symmetric matrix and
Q is a non-negative deﬁnite symmetric matrix. Next
the optimal time-delay controller that is suitable for the
hysteretic system may be designed to minimizing the
objective function which is subjected to the constraint
given by Eq. (19) at every instant of time t.
The Hamiltonian Y¯ is constructed by introducing a
Lagrangian multiplier vector λ(t)
Y¯ = H˜T(t)QH˜(t) + V T(t)RV (t) +
λT(t)[H˜(t)− D¯(t− 2Δt, t−Δt)−
Δt
3
(B˜V (t) + W˜Vp(t))]. (22)
The required conditions for minimizing the objec-
tive function J(t) can be written as
∂Y¯
∂H˜(t)
= 0,
∂Y¯
∂V (t)
= 0,
∂Y¯
∂λ(t)
= 0.
(23)
When Eq. (22) is substituted into Eq. (23) (the ﬁrst
two equations), we have
2QH˜(t) + λ(t) = 0,
2RV (t)− Δt
3
B˜Tλ(t) = 0.
(24)
From Eq. (24), the optimal time-delay controller
can be expressed as
V (t) = −Δt
3
R−1B˜TQH˜(t). (25)
It can be observed from Eqs. (13) and (15)
that, H˜(t) in Eq. (25) is composed of H¯(t) and
V˜ (t), with H¯(t) containing the integral term Γ (t) =∫ 0
−λ e
−A(η+λ)BV (t+ η) d η. The integral term Γ (t)
can be written as follows when time delay is an inte-
ger multiple of the sampling period23,25
Γ (t) = IG(Δt)V (t− lΔt) + F (−Δt)G(Δt)V ·
[t− (l − 1)Δt] + F (−2Δt)G(Δt)V ·
[t− (l − 2)Δt] + · · ·+ F [−(l − 1)Δt] ·
G(Δt)V (t−Δt), (26)
where
F (ξ¯) = eAξ¯,
G(ξ¯) =
∫ ξ¯
0
e−Aθ d θ ·B. (27)
Equation (26) shows that, with the controller con-
taining time delay, each step of numerical calculation
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of controller (illustrated by Eq. (25)) involves a linear
combination of the former l steps of control, in addition
to the current state term.
F (ξ¯) and G(ξ¯) can be determined by the following
equations
F (ξ¯) = eAξ¯ =
∞∑
s=0
Asξ¯s
s !
,
G(ξ¯) =
∫ ξ¯
0
e−Aθ d θ ·B,
(ξ¯) = =
∞∑
s=1
(−A)s−1ξ¯s
s !
·B.
(28)
In this part, numerical simulations are carried out
to illustrate the eﬀectiveness of the afore mentioned op-
timal controller. An aluminum alloy beam is adopted
and a damping layer is attached on one side of the beam
and deﬂected by the same amount as the beam. The
length, width and thickness of the beam are 0.635 m,
0.05 m and 0.002 5 m, respectively. Material properties
of the beam are as follows: Young’s modulus of elastic-
ity is 10.07 GPa and the density is 4 829 kg/m3. The
ﬁrst natural frequency and damping ratio of the beam
determined by experiment are 2.279 6 Hz and 0.015 6,
respectively.
Firstly, the Bouc–Wen model is adopted to re-
construct the nonlinear hysteresis curve of the sys-
tem. The sinusoidal external excitation with an am-
plitude of 150 V and frequency of 2.165 Hz, that is
Vp = 150 sin(2π × 2.165 t), is applied on the struc-
ture. The data sampling period T¯ and the computa-
tion time step Δt are both taken to be 10−3 s. Pa-
rameters α1, D1, a¯1, β1, γ1, and n¯1 in Eqs. (1) and
(2) for the case Vp = 150 sin(2π × 2.165 t) are chosen
as follows: α1 = 0.983 6, D1 = 0.108 9, a¯1 = 0.860 1,
β1 = 0.178 9, γ1 = 0.043 3, and n¯1 = 95. Figure 2 is the
hysteresis curve between the input voltage of the PZT
exciter and the tip displacement of the beam for the
case Vp = 150 sin(2π× 2.165 t). Figure 2 indicates that
the Bouc–Wen model is eligible for describing the non-
linear hysteresis phenomenon of the system. Next, the
proposed controller for the nonlinear Bouc–Wen model
and time delay is used to suppress vibrations.
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Fig. 2. Hysteresis curve of ﬂexible beam under sinusoidal
excitation Vp = 150 sin(2π× 2.165t).
In the numerical simulations of structural vibration
control, the free tip of the beam is assumed to have an
initial displacement of 0.02 m and zero initial velocity.
First, the case with no time delay in control is consid-
ered, i.e. λ = 0, the controller designed in the case with
no time delay (called the “no-delay controller” in this
paper) is used for the beam without time delay. Figure 3
shows the results of the applied voltage of the PZT ac-
tuator and the tip displacement of the beam, denoted
by the solid line. The results of no control, denoted by
the dotted line, are also shown in Fig. 3 for compari-
son. Figure 3 shows that, using the no-delay controller,
the tip displacement of the beam is evidently reduced.
Figure 3 also shows the hysteresis curve between the tip
displacement of the beam and the applied voltage of the
PZT actuator and we can observe that, due to the at-
tenuation of the tip response of the beam, the hysteresis
phenomenon gradually disappears with the increase of
time.
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Fig. 3. Tip displacement and hysteresis curve of the beam
and applied voltage of the actuator with no-delay controller.
Now the case with time delay is considered. The
inﬂuence of time delay on control eﬃciency is checked
ﬁrst. Figure 4 shows the results when time delay
λ = 0.1 s is introduced into the controller while time
delay is not considered in the controller design, in which
the dotted line shows the result without control for the
beam and the solid line represents results showing the
system being controlled with time-delay using the no-
delay controller. It is indicated from Fig. 4 that, neglect
of time delay compensation in the controller design may
lead the control system instability.
Now the eﬀectivity of the time-delay controller is
demonstrated. Two cases are considered: λ = 0.004 s
and λ = 0.4 s. The results (of the time-delay controller)
of the applied voltage of the PZT actuator and the tip
displacement of the beam are shown in Figs. 5 and 6,
depicted by the solid line. The results of no control,
denoted by the dotted line, are also shown in the same
ﬁgures for comparison. It is observed from Figs. 5 and
6 that time delay is recompensed by the proposed time-
delay controller eﬀectively and one may obtain excellent
eﬀectivity. The proposed controller is eligible for not
only small but also large time delay as well.
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Fig. 4. Tip displacement and hysteresis curve of the beam
and applied voltage of the actuator with no-delay controller
which is used to control the system with time delay.
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Fig. 5. Tip displacement and hysteresis curve of the beam
and applied voltage of the actuator with time-delay con-
troller, λ = 0.004 s.
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Fig. 6. Tip displacement and hysteresis curve of the beam
and applied voltage of the actuator with time-delay con-
troller, λ = 0.4 s.
In this paper, instantaneous optimal control method
is adopted to design active controller to attenuate the
vibration of a ﬂexible beam with nonlinear hysteresis
and time delay numerically. The Bouc–Wen hysteretic
model is applied to describe the restoring force of the
nonlinear and htysteretic system. The hysteretic com-
ponents of the system are included in the motion equa-
tion to design the optimal time delay controller. Simu-
lation results indicate that the Bouc–Wen model is el-
igible for describing the hysteresis phenomenon of the
system. The numerical simulation results also indicate
that, when no time delay exists in the control system, an
optimal controller can eﬀectively reduce the response of
the beam. When time delay exists, the controlled sys-
tem may render instable if time delay is not compen-
sated in controller design. In the system, the time-delay
controller (proposed in this paper) can eﬀectively deal
with the time delay, and is applicable for both small
and large time delay problems.
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